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Let m and vt , 0 < t < 2s be measures on T = [0, 27~1 with m smooth. 
Consider the direct integral X = s:” @ L2(v,) dm(t) and the operator 
(Lf)(t, A) = eMihf(t, A) - 2e& 
J.f 
f(s, x) e(s, t) dv,(x) dm(s) 
t r 
on 2, where e(s, t) = exp j: Jr dq(0) dm(X). Let tit be the measure defined 
by JTf(4 444 = s: J,-.fb) dd4 dm(4 f or all continuousf, and let ~~(.a) = 
exp[-J (eie + z)(t+ - z)-r d&0)]. Call {v~} regular iff for all t, 1 qr(e”s)I = 
/ ~za(eie)I for 1 a.e. 
THEOREM. L is completely nonunitary iff {vl} is regular. In the nonregular 
case, we construct a concrete modelfor the c.n.u. part ojL. 
1. INTRODUCTION 
The purpose of this paper is to continue the study of the canonical 
model and concrete model theory for a class of operators several 
special cases of which have recently been studied. 
Let m and vt, 0 < t < 2rr, be measures on T = [0,27r] with m 
nonatomic. Consider the direct integral of Hilbert spaces. 
and the operator 
Lf(t, A) = eAiAj(t, A) - 2e-iA Jt2’ /=f(s, x) e(s, t) dv,(x) dm(s) on 2, 
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where e(s, t) = exp[-J: Jr &(O) &z(h)]. The operator L was moti- 
vated by work done in [I, 3, and 61, and was explicitly introduced 
by Kriete [5]. 
and 
x = [EP @ Lw(T)] 0 Af. 
Let S: % + X be defined by 
i.e., the adjoint of the shift, restricted to X. By the concrete model 
theory for L, we mean an explicitly constructed unitary map 
W: X -+ X such that S = W*LW. It is the substance of the 
Sz.-Nagy-Foias Model Theorem that every completely nonunitary 
contraction is unitarily equivalent to the adjoint of the shift on a 
possibly vector-valued space of the form of X. The concrete model 
theory seeks to define the unitary map in terms of some other 
structure present in the problem. 
Kriete [5] determined the concrete model theory for L under 
the assumption that the measure p, defined above, is singular. In 
this case v(x) is inner and ~7 = (qH2)l C H2. Clark [2] extended this 
to the case where for each t, / yt(eie)j = j y(eis)l or 1 qt(eie)/ = 1 a.e. 
on T, i.e. q’t is a regular factor of v. We have Theorem 1. 
THEOREM 1. L is completely nonunitary z# for all t, / vt(eie)/ = 
1 y(eis)l or 1 a.e. 
THEOREM 2. For / 5 / # 1, let 
Y<(t, A) = 2/Z (1 - zeiA)-l t(t) E S 
and 
d<(z, t) = ti2-l ([l - p(t) q~(z)](l - fz)-l, --q~(t) d(t)(l - $eit)-l) ES?. 
Dejine W: X--+X by Wd, = Yc for all 5, 1 [I + 1. Then W 
has a unique extension to an isometry of T into sP, and W implements 
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the concrete model theory for the completely nonunitary part of L. 
The proof of the theorems will follow several technical lemmas. 
The proof of Theorem 1 is based on techniques in [4], and the proof 
of Theorem 2 is based on methods of [2], which also contains an 
excellent brief outline of the Sz.-Nagy-Foias Model Theory. 
2. LEMMA 1. {d( / / 5 / # l> is dense in X, and (dE , d,,) = 
(Y, 9 Y,). 
Proof. This is proved in [2]. We now have immediately that 
W: X + Z is an isometry, and that W*Y, = d, . 
LEMMA 2. Consider 
Q(z, t) = (x6)-l ((z-‘(p(0) - q(z)), -e-it d(t)) E ST 
Then 
(i) W(Q) = d/z ~(0) v;l(O) eiA and, 
(ii) S(4) = f4 + %Q. 
Proof. (i) is proved in [2], and (ii) is a straightforward computation. 
LEMMA 3. LY, = (WSW*)Y, for all 5, 1 E 1 # 1. 
Proof. Noting that e(s, t) = v,(O) q;‘(O) and that 
([5], Lemma 2), we have that 
2n LY,(t, A) = e-iAYf(t, A) - 2e-iA 
I s 
Yf(s, 2) e(s, t) dv,(x) dm(s) 
t 7 
=e -iAYf(t, A) - e -“w(o) s,B” 4-P,(6) 94w9 
=e -iAYok 4 - e+W(O) (~(8 ~69 - ~(5) rpdO)), 
= kW, 4 + ~(0 w(Q)k 4, 
= W(.f 4 + q%)Q) (t, 4. 
= W(S dJ (t, A). 
Thus, LY, = WSd, = ( WSW*)Yc . 
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LEMMA 4. (WX) reduces L. 
Proof. Since {Y,} spans (WX), Lemma 3 shows that 
L(WX) c WT. 
Using the formula 
(L*f)(t, A) = eiAf(t, A) - 2 j’ j e(t, s) e+isf(s, x) dv,(x) &n(s), 
0 7 
a simple computation shows that 
L*Y, = {-l(Y, - Y,) = W({-f(d, - do)), 
so 
L *( NW) C WX and ( WX) reduces L. 
Proof of Theorem 2. Lemma 3 shows that W implements the 
concrete model theory for L ItWx) , which is hence completely 
nonunitary. It remains to show that L I( is a unitary map. 
A simple computation shows that for f E X, 
(I - LL*)f(t, A) = 2 [ \ 1 e’2f(s, x) e(2w, s) dv,(x) dmz(s)] e+p(O) &(O) 
‘T r 
= ClWQ) 
and, 
where C, and C, are constants depending on f. Thus, (I - LL*) 
and (I - L*L) each have one-dimensional range contained in WT. 
Hence, 
(WX)l C ([Ker(Z - L*L)] n [Ker(Z - LL*)]), 
so L j(WxJl is unitary and Theorem 2 is proved. 
The proof of Theorem 1 will rely heavily on the structure of the 
canonical model and the relation between regular factorizations and 
invariant subspaces as found in [8], Chapter VII. Specifically, if 
KC X is invariant for S, then there is a Hilbert space 9 and 
operator-valued analytic functions 6, and Ba defined for j h 1 < 1 
such that for each X, e,(X): @ -P 9 and B,(h): 9 -+ @ are contractions 
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and v(h) = 6,(h) * B,(h) is a regular factorization. Note that here we 
consider v(X): C --f @ by multiplication. Further, if we let 
d,(eit) = [I - ej(eit)* Oj(eit)]1’2, j = 1,2, 
then 
defined by Z(do) = ds8,v @ ~,ZJ is an isometry, and K = X @ Kr , 
Kl = {B,u @ Z-1(& @ v) 1 24. E H2(3y, v E Ll,L2(@)} 0 {CpW @ A w 1 WEEP} 
(PI, p. 288). H owever, since F(Z) is a scalar function, we have that 
either 9 = C, the one-dimensional complex Hilbert space and 8r 
and 8, are both scalar functions, or else 9 = C, , the two-dimensional 
Hilbert space. ([8], p. 301). This latter case is possible only if 
1 v(eiS)I < 1 a.e., and then we have 8,(X) = ($$), 8,(h) = (c(X) d(X)), 
where a, b, c, d E H”, I/ Oj(eis)IIz = 1 a.e., and v(h) = a(h) c(X) + b(h) d(X) 
for h E D. A simple computation then shows that d,(t) = 0, and d, 
is a 2 x 2 idempotent matrix. We now proceed to the proof of 
Theorem 1. 
Proof of Theorem 1. If for every t, 1 yl(eie)/ = / y(eie)l or 1 a.e., 
then the induced factorization is regular and the problem reduces to 
that considered by Clark. W is thus onto. 
Suppose, conversely, that IV% = 2. Let M,: S --t X be the 
projection defined by M,f (s, X) = xlo,tl(s)f (s, x). Then P, = W*M,W 
is a projection in %, and since Ml% is invariant for L, we have 
Y, = P,X is invariant for S. Hence, by the theorem of Sz.-Nagy 
and Foias, there exists a regular factorization F(Z) = 0,(a) 0,(a), 
with X, having the form described above. Suppose 8, and d2 are not 
scalars. Then let 0,(z) = (,a:$ and O,(Z) = (C(Z) d(z)) as above. For 
5 E D and h(z) = (O,*(.$) - O,(z) p(t))(l - &-’ E C2, we have 
d&, t) = (e,(z) 44 Z-V2(4 WY> 
+ ((1 - B,(Z) f?,*([))(l - &Y)-~, Z-l[--d,(t) e,*(f)(i - feit)-‘1). 
For U(Z) = ($:,‘) E C2, we see that the inner product between 
(O,(Z) U(Z), Z-l(d,(t) u(eil)) and th e second summand in d6 above is 
equal to 
(e2(4 4.4, (1 - e2(4 e,*(tw - 5mH2 
+ (A,(t) u(eit), --d,(t) @,*(t>(l - Seit)-1)L2 
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since 2 is unitary. Since d,(t) is a self-adjoint idempotent, this 
equals 
(@> u(z), (1 - s4-yy* + (e,*M e&4 4@, e,*m - W)ga 
+ ((I - e2*(eit) e,(&)) u(eit), -e,*g)(i - Eit)-l)ra 
= e,(f) u(E) - f32(f)(u(f+t), (1 - feit)-l) = 0. 
Thus, 
pt d,)(~) = ([i - e2cZ) e,*g)](i - $s>-1, z-1(--d,(t) e,*(t)(i - &+)-l)). 
For 7 E D, &(z, t) is the projection onto .X of ((1 - <x)-l, 0), so for 
h = (f, g) 6 X, (k 4) = f(q). Hence, (Pt4 , f’t4,) = (PA , 4 = 
(1 - e2(4 e2*ew1 - &I)-‘* BY a simple computation ([2], p. 276), 
we have (M,Y, , MrY,) = (1 - +$(f) ~~(v))(l - &)-‘. Since W is 
unitary, (P,d, , Pt4J = (M,Y, , MtY,) so c(7)) c(t) + +I) J(t) = 
~~(7) TV for all 4,~ E D. Setting 6 = q = reis with r --+ 1, we get 
1 = I( 19~(e~~)(/~ = ( c(eis)12 + ( d(eis)12 = ( qXeis)12 a.e., on T. Hence, 
is a regular factor of v. We note that in this case we must have 
T(x) = ad(z) for some 01 E @ ([7]), so e,(z) = d(x) * (1 a). 
If 944 = e2t4 4( z is a scalar factorization, the above argument ) - 
still shows that e,(q) e,(f) = cpX7) Fdf) for all r), 4 E D. Hence 
vi(z) = CUE,, where 01 E @, 1 (Y 1 = 1. Since the 8s is a regular 
factor of v, we get that 1 yI(eiS)I = 1 y(eis)l or 1 a.e., ([8], p. 301). 
This concludes the proof of the theorem, which can be restated as 
COROLLARY 1. {Yc 1 1 [ 1 # I} spans 2 isf for each t, yt(z) is 
a regular factor of q.x 
By an argument similar to the above, we can get the following. 
COROLLARY 2. yto(x) is a regular factor of p)(x), for some t, E [0, 2~1 
iff fxro. t,1N Y& 4 1 I 4 I f 1) c Jvsf-. 
3. CONCLUSION 
When W is not onto, one can easily write down necessary and 
sufficient conditions for some h E A“ to be in the unitary part of L. 
However, we have been unable, even in special cases, to find explicitly 
a single element of (WX)J-. It would be interesting if one could 
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describe the structure of the unitary part of L, perhaps by computing 
its spectral multiplicity function, in terms of some property of 
{vi(z)}. We have been unable to do so. 
Note added in proof. The spectral multiplicity function has been found recently 
by J. A. Ball (preprint). 
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